Abstract. We consider performing surgery on Riemannian manifolds with positive Ricci curvature. We nd conditions under which the resulting manifold also admits a positive Ricci curvature metric. These conditions involve dimension and the form taken by the metric in a neighbourhood of the surgery.
x0. INTRODUCTION
In this paper we prove a surgery result for manifolds of positive Ricci curvature. The relevance of surgery to questions of curvature was rst seen in the following theorem, which concerns manifolds of positive scalar curvature (see 4] and 5]).
Theorem 0.1 (Gromov, Lawson, Schoen, Yau) . Suppose M is a manifold of dimension 5 with a positive scalar curvature metric. LetM be the result of performing a surgery of codimension 3 on M. ThenM has a positive scalar curvature metric.
As well as generating new examples, this result has led to many structure theorems, including a complete classi cation of simply connected manifolds admitting positive scalar curvature metrics in dimensions 5. It has been conjectured that a similar result might be true in the realm of positive Ricci curvature, perhaps involving an increased codimension condition. However, proving such a result would appear a very di cult proposal.
A limited Ricci positive surgery theorem was proved by Sha and Yang in 6]. We describe this presently.
Suppose we are given a Riemannian manifold M n+m having positive Ricci curvature and an isometric embedding : D m+1 R (N) S n?1 ( ) ?! M where D m+1 R (N) denotes a geodesic ball of radius R in the (m+1)?sphere with the round metric of radius N. S n?1 ( ) is the (n ? 1)?sphere with the round metric of radius .
We can regard as a trivialisation of the normal bundle of (f0g S n?1 ).
Theorem 0.2 (Sha, Yang) . LetM be the result of performing surgery on (f0g S n?1 ) using the trivialisation , and assume n, m + 1 3. Then there exists (n; m; RN ?1 ) > 0 such that if N < thenM can be equipped with a Ricci positive metric.
It is natural to ask if Sha and Yang's result remains true if the trivialisation is replaced by some other trivialisation. Of course, changing the normal bundle trivialisation will in general alter the homotopy type of the resulting manifold.
Suppose we have the following: (i) A Riemannian manifold (M n+m ; g) with positive Ricci curvature. De ne the manifoldM to bê
where D denotes the interior and indicates the identi cation of boundaries usingT in the obvious manner.
Observe that this construction is just a surgery on (f0g S n?1 ) using the trivialisatioñ T . Moreover, the e ect of performing surgery on (f0g S n?1 ) using any normal bundle trivialisation can be realised in this way, by a careful choice of T.
We can now state our main theorem. These results are of particular interest in the context of exotic spheres. This subject is explored in a separate paper 7] .
The remainder of the paper is mainly dedicated to proving Theorem 0.3. This amounts to constructing a metric on D n S m with certain properties. In x1 we describe the type of metrics under consideration, and make explicit the properties they must satisfy. In x2 we perform the metric construction and in x3 we give the proofs of Theorem 0.3, Proposition 0.4 and Theorem 0.5. The author would like to thank Stephan Stolz for suggesting this problem and for many valuable conversations.
x1. GENERAL FORM OF THE METRIC
The Riemannian metrics we construct in this paper are all submersion metrics. For a full exposition of the theory of these objects, see 1, Chapter 9]. Riemannian submersions are relevant to our discussion because their Ricci curvature is relatively straightforward to compute using the O'Neill formulae (see 1, Proposition 9.36])
We introduce a method of constructing submersion metrics which is due to Vilms 1, Theorem 9.59]. Proof.
The right hand side of the second limit formula coincides precisely with the curvature in base directions of the warped product B 2 F (as given by the O'Neill formulae).
Note that without the compactness assumption, we cannot necessarily nd a t to give a Ricci positive metric on the entire total space. Submersion Metrics on D n S m With Construction 1.1 in mind, let us address the problem of assigning metrics to D n S m . We will regard this product as a bundle with base D n and bre S m . First we show how to choose the bre and base metrics, then go on to choose a principal connection.
The Fibre Metrics
We will assume that each bre is equipped with the round metric of radius 1, but allow warping by a positive real valued function f de ned on the base.
The Base Metric
It will be convenient to describe the base, D n , in polar coordinates. In this setting the metric on a geodesic disk in the n-sphere of radius N takes the form dr We remark now that a > 2 ; a suitable value will be determined later.
The metric we choose for the base takes the form dr After nding a value for a, we then restrict to the above interval.
The Connection
In order to ensure smooth metric gluing in the surgery process, our connection must depend on the`twist' map T. We choose as follows.
Let A n denote the annular region 2; a] S n?1 D n . Note that by rotational symmetry, radial distance on D n is well-de ned independent of our particular choice of base metric.
Consider the following maps: where the dot denotes group multiplication.
Pull back the trivial principal SO(m + 1)-connection on A n SO(m + 1) using T 1 to obtain a new connection r 1 on A n SO(m + 1). r 1 is at as it is the pull-back of a at connection.
By including A n SO(m + 1) in D n SO(m + 1) we obtain a principle connection r on D n SO(m + 1) by extending r 1 . We do this in such a way that r is at at radii r 2 0; 1]. Note that in general, it is not possible to achieve a at extension to all radii.
The crucial point about this construction is that the mapT restricted to a neighbourhood of the boundary of D m+1 N (R) S n?1 ( ) coincides with the map T restricted to a neighbourhood of the outer boundary of A n S m . It is this fact that enables smooth metric surgery to be performed, provided the scaling functions f and h are properly chosen. Construction 1.1 now gives us a metric on D n S m . Because of our choice of connection, this metric will be a warped product of the form dr The tangent space at any point splits into three mutually othogonal subspaces corresponding to the radial direction, the S n?1 direction and the S m direction. From now on, X and Y and U will denote unit vectors in each of these three subspaces respectively.
The Ricci curvatures are as follows: At this point recall the result of Ehrlich 3] which states that a metric on a complete manifold with non-negative Ricci curvature which is strictly positive in some region can be deformed to a metric with strictly positive Ricci curvature everywhere. As a consequence of this we can replace condition C by
The metric on D n S m should be Ricci non-negative and strictly positive in some region.
In practice, it turns out to be easier to replace condition B by the following alternative condition: N by ( ). Now at any point r 2 < x, condition (i) holds. By the openness of condition (ii), we are then able to choose a point a < x where condition (ii) is still satis ed.
We have seen, then, that condition B 0 is almost su cient to be able to guarantee satisfying condition B without introducing negative curvature. We still need to ensure, however, that f(a 0 ) < N sin R N and h(r) = for r a 0 B (2) Proof.
Thinking in terms of the graphs of f and h, we can achieve h S n?1 S m , on the understanding that f is su cientlỳ squashed' at least over the interval 1; 2] to ensure that the in uence of the connection does not upset the Ricci positivity when we use the Vilms construction. Of course, the functions f and h must satisfy all the boundary conditions speci ed in the last section.
We will construct f and h via a sequence of approximations. We break the process into four steps. In future we will refer to these directions as`base-radial' and`base-spherical' respectively.
We postpone a discussion of bre direction curvature until Step 3.
STEP 2
In this step we deform f 0 and h 0 to functions f 1 and h 1 which satisfy condition A. We deal rst with f 0 .
Choose a functionf 0 (r) which satis es the following: 1)f 0 (r) > 0 2)f 0 0 (r) = 0 for r 2 0; 1 4 ] 3)f 00 0 (r) 0 4)f 0 (r) = f 0 (r) for r 1 2 De nition 2.3. Let f 1 (r) =f 0 (r) + for some constant > 0.
We will determine a suitable value for in the following lemma. Lemma 2.4. There exists > 0 so that the warped product metric dr
